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Abstract

We construct a basis for irreducible representations of the complex Lie algebra sL,1. The basis
is obtained by applying certain monomials in the enveloping algebra of SL,. to a highest weight
vector. In addition we provide a straightening law which can be used to define an algorithm to
compute the representation matrix of elements of sL,+; with respect to this basis. The method
can be generalized to all complex simple Lie algebras with a simply laced root system. © 1997
Elsevier Science B.V.

1991 Marh. Subj. Class.: 17B10, 20G05

1. Introduction

Most of the algorithms known in representation theory of complex simple Lie
algebras deal with the combinatorial data of representations: weight space multipli-
cities, tensor product multiplicities, characters, etc. The algorithm presented here is a
constructive procedure to calculate representation matrices for arbitrary irreducible rep-
resentations of the group SL,,;. There are different ways of approaching this problem.
One possibility would be to use the classical theory of Young tableaux. The algo-
rithm presented here has the advantage that it can be generalized directly to the groups
Spin,,,, E¢, E; and Eg (see Section 10). In fact, it is very likely that the algorithm can
be generalized to all semisimple Lie algebras.

Let sl,.1 =n" dhdn~ be the usual decomposition in upper triangular, diagonal and
lower triangular matrices, and set N := dim n—. We construct a basis of the enveloping
algebra U(n™) as follows: Let ay,...,2, be the simple roots, and fix root vectors
Y;eg_ , and X;€ g, . For

(a)=(al,bz,b1,C3,Cz,C],...,d,,,...,d])ENN
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denote by Y@ the monomial
y@).— Y](al) (Y;bz)Yl(bl)) ¢...) ()/n(dn) s Y;(dZ)Yl(d')).

We determine a subset ¥ C NV such that the monomials B:={Y® |(a)€ ¥} form a
basis of U(n~). The basis B has the following nice “universal” property: Let v; be
a highest weight vector in V(4). We associate to 4 a subset ¥(4)C.% such that the
following set B(4) forms a basis of V(1)

B(A):= {v9 c V()| v =YWy;, (a)c F(1)}.

We would like to point out that the construction holds over Z, i.e. B(4) is a basis of
an admissible lattice Vz(1) C V(4). As a consequence, the algorithm works over any
field of characteristic zero, and, by reduction mod p, also for certain representations
of sl,; in positive characteristic.

The algorithm to compute the representation matrices is divided into two steps: Fix
(@) € #(A). The first step consists of a procedure that expresses /Yi('")v(") respectively
Y™ 1@ as integral linear combinations of vectors of the form v®). The second step
is a straightening procedure: It expresses a vector v ZB(A) as an integral linear
combination:

o) = Zc(d)u(‘“ where (d) < (b).

By repeating the procedure if necessary, this algorithm yields an expression of o
as an integral linear combination of the elements of B(4), and it yields hence an
expression for the matrix coefficients:

(m) (m) — d
X" = Z Facep'? and ¥ = Z S@ayp™@.
() (1) (d)e#(4)

The indexing system is related to the reduced decomposition of the longest word in the
Weyl group: wy = 51(5251)(535251)(-..)(8x - ..5251 ). In order to give a nice combinatorial
description of the set &(1), we construct a natural bijection between (1) and the set
of Gelfand—Tsetlin patterns of type A.

Though quantum groups are never used in this article, the work has been influenced
by the relationship between the crystal graph, good bases and the path model (see
[4—12]). The proofs are in fact completely elementary, we need only standard results
about P-B-W bases and the Gelfand-Tsetlin patterns. In [10], we construct general-
izations of Gelfand-Tsetlin patterns (and associated bases) for arbitrary simple Lie
algebras. These results strongly suggest that the algorithm can be reformulated for
arbitrary semisimple Lie algebras.

2. P-B-W bases and admissible lattices

The aim of this section is to recall some basic facts and to fix the notation. Let
g=n" &b n~ be the triangular decomposition of g=sl,+;(C) into the direct sum
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of strictly upper triangular, diagonal, and strictly lower triangular matrices. Denote by
U, Ut and U~ the enveloping algebras of g, n™ and n~. Let the decomposition of
the root system @ = @+ U —®* be such that

nt = @ ap

peor

We fix a Chevalley basis of g:Xge gy and Yyeg_p for f€@*, and H, €} for «
simple. Let Uz, U7 and U; be the corresponding Z-forms of the enveloping algebras.
We use the following abbreviations:

yo ., % (Ha>::Ha(Ha—1)~--(H,—k+1).

Y,
Y& .= =
b k!’ k k!

k
-k
T

Fix an ordering {y1,...,7~} of the positive roots. For (n) € NV we set:
xm.— ym). . y(mw) ym .y Ly
: 71 w2 . b o

Fix an ordering {ay,...,%,} of the simple roots. For (k) € N" we set:

H(k) o Hal .. Ha"
={1 K )
Recall that the monomials Y™ H®X ™ form a Poincaré—Birkhoff-Witt basis of Uz,
and the monomials X™ and Y™™ form a P-B-W basis of U, respectively U; . For
a dominant weight 4 let (1) be the corresponding irreducible representation of highest

weight A (over C). Fix a highest weight vector v, in ¥ (1). We denote by Vz(4) C V(1)
the admissible lattice

Vz(4):=U; v; = Uzv;.

3. Some lemmas on commutation

Suppose g C M,(C) is the Lie algebra of a real Lie group G C GL,(C), and let
e:g— G be the exponential map. The connection between the Lie bracket in g and
the multiplication in G is given by the Campbell-Hausdorff series:

Theorem 1 (Campbell-Hausdorfl). If X, Y € g, then there exists an ¢ > 0 such that
for all r,seR, 0 <|r|,|s| <e:

rX sY:

eXe FX+sY +(rs/2UX, Y1+(r2s/12)[X, [X, Y]]+ 12)[ 1, [ X ]+

[S

Consider the real Lie algebra sl,.;(R). Note that (by the choice of the basis) one
can assume Xpg, I3, H, € sl,;1(R). The relations which we will derive hold a priori only
over R. But since the coefficients are all integers, these relations hold also in Uz(sl,41).
Let a,7€ & be positive roots which form a basis of a root subsystem of @ of type
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Ay, and set B:=a+7. Since [, [X, K]]=[¥,[Y;, L]]=0 and [X, 3] =[1;, Y5] =0, the
Campbell-Hausdorff series implies:

e’r}’,‘ sy, erY,+sY-,+(rs/2)}j;’ sX.erY, — erYﬁ—sY,—(rs/Z)}j;_

€ €

By multiplying the second equation by e™¥ we get:

erY,esY-, — esY,erY,ers}j; and e——sY-,erY,, es}@. _ erY,ers)jq.

for small r,s € R. By comparing the coefficients of r™s" (respectively r™*"s" for the
second equation) on both sides, we get the following useful lemma on commutation:

Lemma 2. Set M := min{m,n}, then

M n
Y;(m)y;(n) - Z Y;(n—l)y;(m—l)yél)’ Y;(m)),b(n) — Z (-1 )1),;(1)Ya(m+n));(n-—1)‘
=0 =0

~

In the following we use some binomial coefficient identities, we refer to [3] for the
proofs. To have binomial coeflicients also available for negative integers, we use the
definition:

. im I'la+1+1¢)
b) im0 l(b—a+1+0IB+1+1t)

Let f(x,y,2):{(x,y,2)€N3|z<x,y} —Z be the function defined by

fy—z—1
fGyz)=(-1)* ( )
X z
Lemma 3. If m < n, then
m
Ya(m)y;(") - Z f(m,n, q)y;("—‘I)y;(m)y;(q).
q=0
Proof. By Lemma 2 we have

m I

m n n+k—1 n— m -
);( )y;( )=ZZ(_1)/6< . >Y/( 1+k)y;( )Y;(l k)
1=0 k=0

m m—q
- Z X(ﬂ-l])yﬂ(ﬂl)yy(l]) <Z (—1)F <” ; ‘1))
k=0

q=0

~2

Il
NE

f(m,n,q)Yy("_")Ya('")Yy("). 0

e
I
(=3

In the same way one gets from e*fie’': = gFestiersh:



P. Littelmann |/ Journal of Pure and Applied Algebra 117 & 118 (1997) 447-468
Lemma 4.
min{ p,q}
! —1 -1 1
y;(q)Yz(P) — Z (1) Ya(p )y;(q )Yﬂ( ),
1=0

m
Y;(n)),‘-g(m) — E (__1 )1+m Y;(l)y;(m+n)y;(m—l).
=0

For nonnegative integers a, b, c,x with x <5, set

—-b —b
pla,b,c,x):= (a—f-c ), q(a,b,c,x):= (a—f-c )

a—Xx C—X

Lemma 5.
min{a b} s a+c—(x+k)\[/b—x
5ba s = -1 k B - ’
p(ab,c,x) g()( . )(k>

min{b,c}

B _arifate—I\(b-x
deben= Y, ("N (07

I=x

Proof. Suppose first @ > b. Then

b—x b—x
pfatc—x—k\(b—x\ _ tip-xfatrc—b+k\[(b—x
G (GRS T R Y

k=0
at+c—b
<x +c— b) p(a,b,c,x)

And if a < b, then

— cfatc—x—k\(b-x\ = krax[CHE b—x
Lo () =g (TG

k=0
atc—»b
= <x beo b) =q(a,b,c,x).

The proof for the function g(a,b,c,x) is similar. [

Proposition 6.
min{a,b}
Y@y ye = Z pla,b,c,x) Y yery,
x=0
min{b,c}
Yy(a)Yu(b)Yy(C) — Z q(a, b, c’x)n(x));(a+8)};(b—x)‘
x=0

451
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Remark 7. The coefficient p(a,b,c,x)#0 unless a+c>b, b>cand 0<x < b—c. We
have a similar effect in the second sum: the coeflicient g(a, b,c,x)# 0 unless a+c > b,
b>aand 0<x <b—a.

Proof. By Lemma 2 and 4 we have

min{a,b}
Y;,(a)Y,(b)X/(C) — Z (_l)l)g(b—/));(a—/)yb(l) Y;(C)
1=0

min{a,b} at ]

¢ — — l}
Z (_1)/< . >Y;(b [)Yy(tH-L‘ I)Yﬂ()
1=0

min{a, b}

I
at+c—1 _ _
— § (_1)1< . ));(b 1) ( § (_1)k+1);(k)Yy(a+c));(l k))
=0

k=0

i

min{a, b} |

Z Z(_l)k (“+C— 1) (b +/’(“l) Y;{(b+k—l)K/(a+c)Yl;(l—-k)
c
=0 k=0

min{a,b}
Z pla,b,c,x)Y, I eIy,
x=0

Il

I

We get similarly:

min{b,c}
X/(a)};(b)yy(C) — Yy(a) Z YV(C—I));(b—I)Y‘f’)
=0

min{b,c}

a+c—1
_ Z ( ; )Yy(aﬂ—f)yﬂif)};(b—z)
1=0

min{&,c}

!
a+c—1 _ _
< ; ) ( § (_1)k+IYa(k)Yy(a+C)Ya(l k)) Ya(b 1)

1=0 k=0

min{b,c} |

atc—I\/b—k _
Z Z(_l)k+[( . ) (b B !> Xx(k)Yy(a+c)Ya(b k)

=0 k=0

1l

min{b,c}
Z g(a, b, c,x));(X)X/(ﬂH));(bfx)‘ 0
x=0

Il
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Suppose >0, b>c>m>y>0and a+c > b. We set

g(a,b,c,m,y);:(’"_Jf_l‘_Y)<a+c~b— 1>(b—a—c>’

(y—-c) c—m-—1 m+1—y

(b ) b—1\ (b .
_b=m—-y)fat+c~-b- —a-c
h(a,b,c,m,y).—————(y_a) <c-m—1 )(b—m—y)‘

Proposition 8. Let a,b,c,r €N be such that b>c, r>c and a>r + b — 2c. Set
m:=r—a—c+b, then

);(a))f/(b));(c) — Xm: g(a,b,c,m, y));(ﬂ+f~y)}{l§b)}ia((y)
y=0
b—m—1
+ Z h(a,b,c,m, y)ya(y)y;(b) Y{,(”J“c_y). 2)
y=0

Proof. Note that a > r+b—2c and r > ¢ implies a+c > r+b—c > b. Further, a > r+
b — 2c¢ implies ¢ > m. Since b>c¢ and ¢ > m, Proposition 6 implies that Y;(“)Yv(b)){fc)
is equal to

m 4
Z g(a,b, c,x));(X)y;(aH)y:/(b—X) + Z g(a, b, c7x)x/(X)Ya(a+C)Yy(b_x)-

x=0 x=m+1

By Proposition 6, the first sum is equal to (note that x <m < a+ ¢):

m

x
>N qabex)p(xa+c,b—x, )OOy
x=0 y=0

m m
> (Zq(a,b,c,x)p(x,aw,b —x,y)> A A 4

y x=y

m—y
Z a+c—b b—a—c ylate=») yd) y(»)
Ap> c—y—k k ) y a

g(a,b,c,m, y)Yere=» Yy(b)Ya(y).

I

Il
=)

[
NE

i

¥y

i
NE

=
il
o

The second sum is equal to (note that b—x < b < a+c and g(a,b,c,x)=0 for x > c):

¢ b—x
Z Z g(a,b,c,x)q(x,a + ¢, b — x, p) Y P ylatey)
x=m+1 y=0
b—m—1 b—y )
= Z ( Z q(a, b’ c’x)q(x’a + ¢, b — x,y)> Y;(,V) Y;(b)X.((a+c—y)
y=0 x=m+1
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e b
— bz ! ( Zf (a +ec— b) (b —a-— C>) YOy @ yete=)
y=0 x=m+1 cC—X b‘x—y
b—m—1
= Z h(a,b,c,m, y)}fo[(y)yy(b)n(aﬂ_y). -

y=0

Example 9. Suppose g=sl3, so « and y are simple roots. Denote by w, and w, the
fundamental weights, and let 4 =rw, + sw, be a dominant weight. We fix a highest
weight vector v, € V(4). It follows easily by the relations proved above that U; is
spanned by the monomials

B= {y;(a));(b));(C) |b>c},

and hence Vz(4) is spanned by B(1):= {}{,}")Yy(b)Ym(C)UA~ | b>c}. Now sl,-representation
theory implies:

)g(“m(b)y;(c)u;_:o ife>r, orb>s+c¢, orc=0and a>r+5b.

Suppose now r > ¢ > 0 and b <s+ ¢, but a > r+ b —2¢. The exponents in the second
sum in Proposition 8 satisfy the following inequality:

at+c—yzat+c—-(b—-m-1)>a+c—-b+14+(r—a—c+b)>r
Such a summand applied to v; gives 0. So Proposition 8 implies:
m
);(a)Yy(b));(c)Ui = Z g(a,b,c,m, y));(aﬂ—y)){/(b));(y)w.
y=0

Note that 5> y and ¢ > y because b > ¢ > m > y. Proceeding by induction on the last
exponent, this shows that Vz(4) is spanned by:

B(i):{);(“))/y(b));(”m|c§b, c<r, b<s+c, a<r+b— 2}

An easy dimension argument shows that B(A) is in fact a basis of Vz(4).

4, Commutation rules for semi-standard blocks

Let oy =¢; — €&,...,%, =&, — &,4+1 be the usual ordering of the simple roots, where
& : h— C denotes the projection of a diagonal matrix onto its ith entry. We write in
the following only Y; for ¥,,. For (a/):=(a;,...,a1) € N/ let Y®) be the semi-standard
block of length j:

Y(a/) = )?(a,) . )g(ag)Yz(az)Yl(al).

We call Y a standard block of length j if @; > - > a,. The proof of the following
lemma is obvious:
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Lemma 10. Let Y% be a semi-standard block of length j.
() If r > j+ 1, then Y@@ = 7@ y@),

.. !+ / J
(i) KOy = ()T

, ; L
(iii) Y@y = (a{:a) %(“,) . )’2(“2))’1(“‘ +a)
Let p,q, f be the same functions as in Section 3. Lemma 3 implies

Lemma 11. Let Y be q semi-standard block of length j such that a; < a;_, for
some 2 <i<j Then

ai
O DIV C NN} A ui O ALLITED Auld All) Arui NS ALY
q=0

Definition 12. We write (a/) > (b/) for (a/), (/) € N/, if there exists an i such that
ay=b,a, =b2,...,a,-_1 :b,'_l, and a > b,’.

For example, (b/) := (aj,...,4;,4,ai2,...,a1) is such that (§’) < (a’) in Lemma
11. We get by induction on “ <™

Corollary 13. A semi-standard block Y*") is a linear combination
Y@ =3 hant®,
(b7)<(a’)

where the (b/) are standard and the h;y are integral linear combinations of mono-
mials in the Y, i < j.

Proposition 14. Suppose M := ()j-(a’) YN D s such that 2 < r < j. Then

min{a,,a,—1}
M= Z p(ar,ar—l,a,x)Y,(f'f’_X)()j(af)--~Y,(“’”)Y,(f)]---Yl(“'))
x=0
min{a,_;,a}
= Z Q(ar,ar—l,a,x))’r(f)l()ﬁ-(aj) L plare yam = L plany
x=0

Proof. Note that ¥, commutes with ¥, for i #r—1, r+1, so
();_(a/) . Yz(az)Yl(al))Yr(a) — );'(aj) . Yr(ar)Y;(frl—l)Yr(a) L. Yl(al)'

By Proposition 6, the monomial is equal to

min{a,,a_,}
Par, 81,0, ) pE TIplerayl L plen,
1=0
Since Y¥,_; commutes with the ¥, i>r, this implies the first part, the proof of the
second part is similar. O
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Proposition 15. If 1 <iy,...,i, < j, then

@ = N gen ¥,

(a’) standard
where the g,y are integral linear combinations of monomials in the K(k), i<j.
Proof. Choose ¢ minimal such that i, = j. Set (&) := (¢c,,0,...,0), then
YiI(C]) . Y;}C") _ X’l(CI) . );l(f/]—l )Y(d/));(flm) . Kf(«'r).

By Lemma 10, Proposition 14, and Corollary 13, Y ... ¥') is a linear combination

of standard blocks Y*"), where the coefficients A, are integral linear combinations

of monomials in the Y;(k), i<j. So

. J
R =3 gan Y,

where gy = ¥+ I@ff’l“)h(,,,). O

Applying the proposition to the g(,/), we get by induction:

Corollary 16. A monomial M = );(C‘) .. )jfc"), 1 <iy,...,i, £J, is an integral linear
combination of products of standard blocks:

M= Zc(a],...,aj)Y(“])Y(“z)---Y("'/), c(a',...,a)eZ.

5. Standard monomials

We write s; for the simple reflection s,, in the Weyl group W of SL,4,. For the rest
of the article we fix the following reduced decomposition of the longest word wy € W

wo = 51(5251 )(535281 ) *)(SuSp—1 " $251). 3)
A monomial in the ¥ is called semi-standard if it is of the form:
1 2 2 3 3 3 n n n
Y(a) = Y](al )(Yz(aZ)Yl(al ))( Y:;(al)YZ(az)Y](al ))( . )( eran) L Yz(aZ)Yl(al ))’

where (a)=(al,a},a,...,a’,...,a") € N". The tuple (a) and the monomial Y@ are
called standard if:

@e¥ :={(a)eN" |} > ad, ag > a >al,...,at> - >dl > al}.

Theorem 17. The set of standard monomials B is a basis of Uy .
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Proof. U, is spanned by monomials in the Y, é’"), Bedt. If e Pt is not a simple
root, then let &,y € & be such that « +y=f. Since

m
(m) _ Iv(! -1
Yy = Z(—l) YDy mym=b
=0

by Lemma 2, it follows by induction on the height that any monomial in the Y, l(im

is an integral linear combination of monomials in the X(k). By Corollary 16, such a
monomial is an integral linear combination of standard monomials, so U; is spanned
by B. Fix the following ordering of ¢*:

Bri=oy, fri=o oz, Pai=a+ o+ o,
B3 == o, Bs =0y + o3,
B == a3,

A simple counting argument shows that the number of elements of a given weight of
the corresponding P-B-W basis is the same as the number of standard monomials of
the same weight. Since the standard monomials span U™, this proves that they are
also linearly independent. [

2 4
the jth (semi-standard) block of Y@, We write (a) > (b) if and only if there exists a

7 such that:

/ J j
Let Y@ be a semi-standard monomial. We refer to Y@ ;= );(a’)... y @y g

(@)=®"),...,(a")y=(b’*") and (a’) > (b’).

Theorem 18. A semi-standard monomial Y® is an integral linear combination of
standard monomials Y® such that (a) < (b):

Y- 3 cur®,
(@)<(b)

Proof. If b/,, < b/, then Lemma 11 implies

i
b:+l

YO =37 f(bl bl )y )y OO

x=0

b/ b b/ it A
() Dy Ly 0y

— J_
By Corollary 16, Y@ ... y® )y ™ is an integral linear combination of products
of standard blocks Y@ ... Y@ So ¥® is an integral linear combination of semi-
standard monomials:

YO = @y @y ey
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Note that (d) < (b): (d*)=(b*) for k > j, d} = b} for r > i, but x < b/. It follows by
induction on “<” that Y® is an integral linear combination of standard monomials
S c@y Y@ such that (a) < (b). O

The arguments above prove in fact the following more precise statement:

Corollary 19. Let Y® be a semi-standard monomial. If j is maximal such that there
exists an i < j with b/, <b], then Y®) can be written as an integral linear combi-
nation of standard monomials

y® = Z C(a)Y(a), ca) €2,

(@)<(b)
(a)e ¥

where the (a) are such that (a*)=(b") for all k > j, and aij < b,-j Vi=1,...,].

6. Multiplication

The following rules are a first step towards a description of ¥“Y®), (b) standard,
as a linear combination of standard monomials.

Proposition 20. If 1 <r <, then M .= Y,(“)();(b’) e Yz(b“Yl(b')) can be written as an
integral linear combination:

min{a,b,4)}
b Bro1— . b
M= 3" plabr,bux)(5 - B g e
x=0
min{b,.1,b,}
b : by~
= X @b b YRy,
x=0

Proof. Since Y, commutes with ¥, for i #r —1,r + 1, we get
Y,(”)();(”f) . Y;bz)yl(b' )y = ;;‘bﬂ ... Yr(”)y;(_frlﬂ)yr(br) S A

By Proposition 6, this monomial is equal to

min{a,b,41}
b b1 — b
Z p(a’ br+l7br7x)Yj( ) . Yr(+l+| X)Yr(b,+a)y;(_ﬁ L Yl( l)'
x=0

Since Y, commutes with ¥, i <r, this implies the first relation, the proof of the
second relation is similar.

Set M — );E:/iﬂ)();(ﬂ/) . Yz(ﬂz)Yl(al))();:{’/]H));(bJ) . YZ(bZ))]l(bl))‘
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Proposition 21. M is an integral linear combination of semi-standard monomials:
min{a;,x;:1} min{a,x;} 1 by +x
Z o Z H pxrin,anbi,xp) by

x;=0 =0 =1

X(Y(a’ x7) Y(ﬂz xl)y(ﬂl —Xl))();(fi«-l*'xwl) Yz(bz+Xz)Y](b1+X|))

or, with z;:=a; —x; for | <1< jandz; :=x;4, as

min{a;,b;41} min{a;,b2} /j+1
by +z
Z Z (H(I(ll,al NN 1)( ] 1))

x;=0 x1=0 =2

X()j_("./) L Yz(xz)Yl(Xl))(};_(fJIH"'ZHI) L. Y2(b2+22)Y](b1+2| ))‘

Proof. By Proposition 6 we know that M is equal to
min{a;,x;+1 }

(@ =3) ylbyui+xi1)
ST pyanag by )G Ty )

x;=0

/) a;— b b
X);(x (Yjv(_l D Yl(al))()/}( i) Yl( I)).

By reordering the factors and by applying Proposition 6 to monomials of the type
YT KO - 1Y), we get inductively:

min{a;,x;1}  min{a,x} 7 j
M= Z N Z (H p(x1+1,a1,b1+1,XI)>
x;=0 x=0 =1

X();-(a‘/ —x;) . Yz(a2~xz)Yl(a| —XI))( );(f_;l4i+X,+l) . Y2(b2+):2))(),1(XI)Yl(bI)).

Since ¥y = (¥ 4 151 this proves the first part of the proposition. The proof
of the second part is similar. D

7. A-Standard monomials and Gelfand—Tsetlin-patterns

Fix (a)=(al,...,a},a},a}) € NN, For a dominant weight 4 let v; € ¥'(4) be a highest
weight vector. Consider the following sequence of weight vectors:

v;, )/](‘ﬁ)ul’ )/2(“2))/1(01)0/:’ Y:,(ag)Yz(az))/l(al)vl,...,Y(a)U)M‘

. i al an an
Denote by # the weight of (- K“)(-- )(Xi™ - Yy, and set A := 1, and
,1{)"1 = for 1 < j < n. We write H; for H,,.
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Definition 22. (1) is the set of all (a)€ & such that
AM(H) > af M(Hy) >df A(Hz)>dy ... A_(Hy) 2> a)
WH) 2 a B(H)2a B(H) >4
/lg(Hl) > a% ﬂuf(Hz) > ag
Ao(Hy) 2 ai
Definition 23. A monomial Y@ is called A-standard if (a) € #(A).
Fix p; > - > ppy1 > 0 such that A= pre; + -+ + par16n+1. We write:
ij: =gj1&1 + -+ Gjnt1En+1

by subtracting the roots a; =¢; — & from 4. We associate to (@) the triangular scheme

Recall that such a scheme is called a Gelfand-Tsetlin pattern of shape A if p; > gn; >
piv1 for 1 <i<n, and

gi,; > max{gi_1,j,gi+1,j+1} = min{gi_1 j,Gis1, j+1} > Gi j41-
for all 1 < j <i <a. A simple calculation shows for (a) € &:
(@) € #(1) < A(a) is a Gelfand—Tsetlin pattern of shape 4, 4)

and the correspondence is a bijection. By (4) we get

Lemma 24. The dimension of V(1) is equal to the cardinality of F(4).

8. A basis of Vz(4)

Fix a highest weight vector v, in the irreducible g-module ¥ (4) of highest weight
A€ X™, and let ¥z(A) = Uzv, be the corresponding admissible lattice.

Theorem 25. B(A) := {Y @y, | (a) € L(1)} is a basis of V(1)

Proof. We prove: If Y® is a semi-standard monomial such that either

b} <b/ | for some 2 <i<j, or b/>A_ (H;) for some 1 <i<j, (5
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then Y®)y; is an integral linear combination:
Y®u, = e ¥ Dv;, caeZ (6)

where the Y@ are semi-standard monomials such that (a) < (b).

We prove first that (6) implies the theorem: Note that a semi-standard monomial
Y® is not i-standard if and only if Y® satisfies (5). So if ¥® is not A-standard,
then we can replace Y®u, by an integral linear combination of vectors Y(®v;, where
(a) < (b).

If one of the Y% is not A-standard, then we can replace ¥®)v; by (6) by an integral
linear combination of vectors Yy, where (d)<(a), and hence (d) <(b). This proves
of course inductively that Y®)p, is an integral linear combination of vectors of the form
Y@y, (a)e F(2). So B(A) spans the lattice Vz(4). It follows now from Lemma 24
that B(1) is a basis of Vz(4).

To prove (6), let Y® be a semi-standard monomial, and fix j maximal such that b/
satisfies (5) for some i < j. Fix i minimal with this property, i.e. b,-j is the right-most
coefficient of (&) satisfying (5).

If b/ < b/, then (6) is a consequence of Theorem 18. So assume now that b >
e Zb{ and bij >ft{_1(Hi). We prove the following stronger version of (6) by decreas-
ing induction on j:

Either Y®p, =0, or Y%y, = Zc(a)Y(")v;, cay €L )
where (a) < (b), and there exists an k > j + 1 such that (&%) < (b%).

If j=n, then sl,-representation theory implies that Y®)y; =0, which proves (7) in

this case. Suppose now j < n. To simplify the notation, we write for (/) and (b/*'):

(8))=(bj,...,b1), (B )=(cjs1,...,c1).
The second relation in Proposition 6 implies

i)
! j=1 b, x e
EED I LRIRED) SAEE S0 AR A ACEES A
x=0

X(y;(:zln) . Y;(bi_x)}/;gf'il-#l)y;(ci) . Yl(fl))y(l,f“) S Y@,
These monomials are not anymore semi-standard because of the term:
1) = YO OREVE.
Set r:= i{fi(H,-) and s := )L{f}(H,-H). By the maximal choice of j we know
e <r and ¢y <s+c=HT(Hip).

But 0 < x < b;_; and b; > X_(H;)=r — 2¢; + ¢is1 + b;—1 imply

bi ~x>r—2ci+cip1 + b1 —x2>2r+ciy — 2.
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Seta:=b,—x, b:=ci11, c:=c; and m :=r —a— c+ b, then the choice of j and the
equations above imply:

b>c, r>c¢, a>r+b—-2c, and c>r+b—a—c=m.

By Proposition 8, we get
m b—m—1
1))=Y glab,c.m )Yy + S~ ha,be,m, )E G,
y=0 y=0
So if we replace I(x) by the expression above, then we can write Y ®) a5 an integral
linear combination of monomials of two types (according to the two sums in the
expression for I(x): After “moving” Z(a“_y ) to the left of the (j + 1)st block, the
monomials of the first type are of the form:

yoh . Y(b’_')();_(bf) ... z(x))?(_b,l_n . yl<bl>));(a+c—y>

X(’§(+c’1“) B A L Yy @™ .y,

where y < m < c. By Corollary 16, we can write the monomial

5 b yib) () (bimy) (b1)yylate—y)
y®) ...yt )(); ...)?X);'I’...Yl'))?““y

as an integral linear combination of products of standard blocks Y@ ... Y@, so ¥?
is an integral linear combination of monomials of the type:

Y@ — ya, . Y(“")();(fl*') ... );gf’l))g(” . yl“!))y(b’”) o) (8)

These monomials are semi-standard and () <(b): Note that (a*)= (b*) for k>j + 1,
and (a/*)<(b/*') because @/t = y<c=c; ="

The summands coming from the first sum in (8) are hence integral linear combina-
tions of semi-standard monomials Y@ such that (@) <(b), and there exists an k > j+1
such that (@¥)<(b*). So the Y@ satisfy (7).

It remains to consider the contributions coming from the second sum in (8). After
“moving” )j(y ) to the left of the (j+ 1)st block, the monomials in the second sum are
of the form:

Y(b]) . Y(b/“')();(b/) . x(x)x(_b:l‘l) . Yl(bl))Yi(}’)
(};_(j;u) . Y;_(f])y;(aﬂ—y) . Yl(c,))Yb[,/‘+2) N Y(b"),
where a+c—y>a+c+m+1—-b=r+ 1>r. As above, by Corollary 16, we can
write the monomial

(' =" v (B) &)y (hi-1) Giyy ()
y®) Lyl )(); RS Ad0 ATRIEEERD At)) At

as an integral linear combination of products of standard blocks Y@ ... Y@ 50 (9)
is an integral linear combination of monomials of the form:

Y@ =y ... Y<"/)()§_(+f/l'+') YRR ey Ly ),
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The Y4 are semi-standard, and b.jfl = d.j_Jrl,...,ijrl =d/*! But note that /' =a +
i—1 i—1 1 1 i
¢ — y has the property:

&/ > r = (HY). 9)

By the maximal choice of j, this implies in addition that d/*'>4/"". So (d) satisfies
also the second assumption of (7):

J+1 J+1 j+1
&t >dN > >di7T.

i -

It follows by (decreasing) induction that either:

Y(d)U;L = 0, or Y(d)v,t = Z C(a)Y(a)U;,, Cla) € Z.
(@)<(d)

Further, there exists an k> j + 1 such that (a*) <(d*). Since (b')=(d') for I>j + 1,
this implies also: (a)<(b) and (a*) <(b*).

Hence the summands coming from the second sum in (8) are integral linear com-
binations of semi-standard monomials Y such that (a)<(b), and there exists an
k > j+ 1 such that (a*)<(d%). So the Y® satisfy also (7). [

9. An algorithm to compute representation matrices

For a dominant weight A€ X% let ¥ (4) denote the corresponding irreducible repre-
sentation. Fix a highest weight vector v;, and let Vz(4) = U, v, be the corresponding
admissible lattice. By Theorem 25, we know that ¥z(4) has as basis the vectors B(A).
The set of Gelfand-Tsetlin patterns of type 4 provides a nice combinatorial tool to
“encode” the set B(A) (see (4)).

Suppose (a) € F(4), so v\ : =Y@yp; € B(A). It remains to describe an algorithm
to compute the coefficients 7.y and s(4y in the expressions

X0 = S e,y ™0 = 3T ),
()EF(A) (dYEL (L)

The algorithm is already implicitly given in the proofs of Theorems 17 and 25.
9.1. The matrix coefficients of ¥\

Step 1: In the first step we use Proposition 21 to express
Yj(c)Y(a) - Y(a]) . Y(ai_z)(x(c)y(a‘”)Y(a'))y(a'H) e Y@

as a sum of semi-standard monomials. The coefficients occurring during the procedure
can be computed using the functions p,q defined in Section 3.

Step 2: Suppose Y is semi-standard. The second step is an algorithm to rewrite
Y®y; as an integral linear combination of vectors Y®)v,, (a) € ¥ (A). The procedure
is more or less the same as in the proof of Theorem 25.
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Suppose Y» is a semi-standard monomial, but Y® is not A-standard. Assume that
(b7) is the “right-most” block that contradicts the condition of being A-standard. Fix i
minimal such that either

bif<bl.j~I for some 2 <i<j, or b,j>,1{_1(H,-) for some 1 <i <. (10)

(I) Suppose b’ <b’ ,. We “move” the ¥; to the left (Lemma 3):
P i i—1
y®h. .. Y(b’_')(),}(blj) o X(f,li]));(lz/) o Yl(b())y(b/*‘) 2 L)

G
= Z JICAN:20)) S REES A ) Al

b b’ b/ "
X();_(r S A A AL AR S cLe

Proposition 14 provides an inductive algorithm to express
p p g p
1 —t b~ ) -1
ICARE SR AR Y gy Y4 Y0 ey €Z,

as a sum of products of semi-standard blocks. Hence Y®) can be expressed as an
integral linear combination of semi-standard monomials of the form:

(17x+1)Y(q) L. Y](bl’))Y(de) . Y(d")’

d__ dl) d/-l (bj)
YO =y .y @Oy Y,

where )f("‘):Yf”k) for k>j + 1. Note that (d)<(b) because d/ =q<b’ and
d! ,=b/ \,...,d]=b]. So Y®y, is an integral linear combination:

Y(b)l);. = Z C(d)Y(d)U,i.
(d)<(b)

(Ila) Suppose now 8/ > b/ , and &’ >X_ (H;). If j=n, then Y®p; = 0. Otherwise
we use Proposition 6 to “move” the ¥ to next block to the right:

Y“”:Zq(o,bf b/ L x)y® . y® T D SILIP
b/ —x) (b,/:] b/ j+2 n
(- Y( x}:ﬂ'}:(' )---)Y(” ). y®)

=) LD 6™

... (!
Then we apply Proposition 8 to ¥, } AN 4

two types:
(Ib) The first type is of the form:

The resulting summands are of

o) —x+6/*"' —y)

- b!
Y@ . y® T )?("));(_‘1—‘) YA

(¢ +i“ )X(” Y@Ly
i »
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where y < bf 1 we apply the same inductive procedure (Proposition 14) as before to
express

Y(b') Ly l)( (X)Y i~ I) )Y(bi/~x+b1'j+l_y)
I
as a sum of products of semi-standard blocks ¥Y@)...Y@) So we have expressed

the summands of the first type as an integral linear combination of semi-standard
monomials of the form:

y@) — yd", Y(dj)(. . Yf{j:‘l))’.(y) . .)Y(dﬁz) Loyen
! H s

where (d*)=(b*) for k > j + 2. We have proved in Section 8 that (d)<(b).
(Ilc) The summands of the second type are of the form:

B b ®_) (”‘ (6] —x+b/"'—y) b+ ¢
Y8y T @Yy O 'y D) SRR 485

We apply the same inductive procedure (Proposition 14) as before to rewrite

(b, o

Y(b‘) . Y(b/”)( Y(X)Y . )Y;(,V)

as a sum of products of semi-standard blocks Y@")-.. Y@ The resulting summands
are of the form:

i (677") (b —x+b/* — + "
yid) . y@' |y (-G ylt( Y RIS Lo (11)
where (d*)=(b*) for k > j + 2. We have proved in (9) that
dt = b] —x+ b — y> A ).

(IId) If j + 1 =n, then Y¥p; =0. Suppose now j + 1 <n. We have proved in
Section 8 that (d) satisfies the assumptions of (Ila). Apply (Ila) to Y@y;, this proce-
dure yields again summands of two different types:

The summands Y(©)v; of the first type are such that (¢)<(d). Note that we have
proved in Section 8 that (¢)<(d). To the summands of second type we apply again
(Ilc) etc. We have proved in Section 8 that this algorithm yields:

Y(b)v;_ = Z C(d)Y(d)U;N, Cd) € Z.
(d)<(b)

(II1) So if (10) holds, then (I) and (II) provide algorithms to express ¥®)p; as an
integral linear combination:

Y(b)v;_ = Z c(d)Y(d)vl, cd) € Z. (12)
(d)<(b)

Next we apply (I) respectively (II) to all summands such that (d) & £(4), etc.
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It follows by induction on the total order “<” that this is a finite algorithm. A
(very rough) upper bound for the number of times this procedure has to repeated can
be given as follows: For (b) € NV denote by |(b)| the sum:

Bl= > b
1<i<j<n

Since |(8)| =|(d)| for all summands in (12), all the (d) are elements of the cube
{(@)e NV | aijgl(b)]}. It follows that there are at most |(b)]¥ elements (d) € NV
such that (d)<(b) and |(b)|=|(d)|. So |()[" is an upper bound for the number of
times one has to repeat (I) or (II) until we get an expression:

Y(”)v; = Z C(b)Y(d)Ui.

(d)eF (A
(d)<(b)

9.2. The matrix coefficients of X
Write H; for the coroot H, €& b. Since X; commutes with ¥, j#i, we know

Xy@ =y, y@ Hy@ Hyly@). . y@) For the commutator of X and ¥*
we have the well-known formula:

min{a,c}
_nf{H —a—c+2k _
a k c—k
XOpO = 3yl )( e )X,-( ]
k=0

Applying the rule to the vector X“(Y®y;) yields:

min{c,a’} min{c—ki——k,_1,4] }
o 3 ya) ..y
k=0 k=0

i_xy(Hy —c —a + 2k; ; ;
(Xw. k,)( i—c kia,+ ‘)KE",‘”"‘K“”)

Yy @ —k) (H — ¢ — a7+ kg + 2k i+ i+l
(KY{H)X(:I, k,+|)( i i . i i+1 Xf;_l) o Yl(a] )
1

I AL L SR A R Y
kn
After the evaluation of the
H~c—al +hi+-+k_ +2k
k; ’
the sum above becomes a sum of semi-standard monomials (with integral coefficients):

> e@yYv;. We apply now Step 2 above to the Y@y, to obtain an expression

X'i(c)(Y(a)U/l) — Z C(b)Y(b)U)u RS Z.
(bYeF(4)
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For i€ X let #(A)={(b1),...,(bn)} be an enumeration such that (b ) <(b) < -+ <
(b,,). Denote by ;' the subspace spanned by the vectors ¥ ®)y,, j <i. As an immediate
consequence we get

Corollary 26. The flag 0 C Vxl cVic---C V"=V, is B-stable.

A

10. Generalization to the simply laced case

In this section we indicate roughly how to generalize the algorithm to the simple
Lie algebras with simply laced Dynkin diagram. Let g=n* & ) & n~ be the usual
triangular decomposition. For a dominant weight A € X™ let V(1) be the corresponding
irreducible complex representation, and let v; be a highest weight vector. For the
orthogonal algebra spin,,, we fix the reduced decomposition (the numeration of the
simple roots is in [1]):

wo = (Sm—15m) (Sm—2Sm—15mSm~2) (- - ) (5152 * - Sm—1Sm - =~ $251),

for the exceptional groups we fix the decomposition of the longest of the Weyl group
of Eg. As decompositions for the longest word of the Weyl group of E¢ and E; we
take the induced ones.

Wo = 53852(54535254 )(555453525455 )(S655545352545556 )
(51535452555453515655545152545556)
(87865554525354555657 )(S1535452555453515655545352545556 )57
58(575655545253545556575153545255545351565554535254555657)

58(575655545253548556578153545255545351565554525354555657 )S8.

As before, let N be the length of the longest word in the Weyl group. We fix a
Chevalley basis Xp, Y, H, of the Lie algebra, and for (@) € NV Jet Y® be the mono-
mial in the ¥, according to the fixed decomposition of wg. In [10], we construct
subsets £(4) and ¥ C NV such that B := {Y® |(a)€ ¥} is a basis of Uz(n™) and
B(1) := {Y@®v,|(a) € L(1)} is a basis for the lattice Vz(4) := U(n™ )v;. Since the Lie
algebras are of simply laced type, it is now easy to check that, for the decompositions
given above, the same algorithm applies: first express X™ 1@ respectively Y™ @ as
integral linear combinations of vectors of the form v, (b) €.%, and then apply the
straightening procedure. The proof is the same as in the sl,;,-case. We recall below
the definition of the set & for the Lie algebra spin,,,. We use the following notation:

. m—1 m—1 m—-2 m—2 m-2 —=m—2
(a):=(a,_|,a, .4, 54 a’~°.a e,

I 1 { L=l =1 =1
13055y Oy 23y 1y By _ 35+~ 83, ) )
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Then
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